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Abstract
In 1955, Hall and Paige conjectured that any ﬁnite group with a noncyclic Sylow 2-subgroup
admits complete mappings. For the groups GL(2, q), SL(2, q), PSL(2, q), and PGL(2, q) this
conjecture has been proved except for SL(2, q), q ≡ 3 modulo 4. We prove the conjecture true
for SL(2, q), q ≡ 3 modulo 4.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
For a ﬁnite group G, a bijection  : G→ G is said to be a complete mapping of G if
the mapping x → x(x) is also a bijection. The natural question to ask is which groups
admit complete mappings. In 1955, Hall and Paige [9] proved that a ﬁnite group with a
nontrivial cyclic Sylow 2-subgroup cannot admit complete mappings. They conjectured
the converse, which they proved for alternating groups, symmetric groups, and soluble
groups. This conjecture has not been settled, though there is now much evidence to
support it (see the survey in [4]). For the groups GL(2, q), PSL(2, q), and PGL(2, q),
the Hall–Paige conjecture has been proved. For SL(2, q), only one case remains: q ≡ 3
modulo 4.
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For q even, the conjecture was proved for SL(2, q) = PSL(2, q) in [10], and
for GL(2, q) = PGL(2, q) in [6]. Further, in [1] it was proved that, for q even,
neither SL(2, q), nor GL(2, q) could be a minimal counterexample to the Hall–Paige
conjecture. For q ≡ 1 modulo 4, the conjecture was proved for GL(2, q), PSL(2, q),
and PGL(2, q), q = 5, 9, 13, 17, in [7], for SL(2, 5) in [10], for SL(2, q), q =
9, 13, 17, in [7], for PSL(2, q), GL(2, q), and PGL(2, q) in [3], and for SL(2, q) in
[8]. For q ≡ 3 modulo 4, the conjecture was proved for SL(2, 7) and SL(2, 11) in
[10], PSL(2, q) in [2], and for GL(2, q), and PGL(2, q) in [3].
In this paper we prove that SL(2, q), q ≡ 3 modulo 4, admits complete mappings.
The proof is similar to, but much simpler than, the proof in [8] for the case q ≡ 1
modulo 4.
2. The Result
Let H be a subgroup of a ﬁnite group G. A dual system of coset representatives for
H in G is a system of left coset representatives for H in G that is also a system of
right coset representatives for H in G. For D a dual system of coset representatives for
H in G, a bijection  : D → D will be called a complete mapping of D if there exists
a bijection  : D → D such that x(x)H = (x)H for all x ∈ D. As in [1,3,7] we
will call {H,D, , } an HP-system.
Lemma 1 (Hall and Paige [9], Theorem 1). Let G be a ﬁnite group, H a subgroup of
G, and D a dual system of coset representatives for H in G. If H and D admit complete
mappings then G admits complete mappings.
Proof. See [5], Theorem 1.23. 
From now on it will always be assumed that q ≡ 3 modulo 4. In what follows we
will ﬁrst describe a subgroup H of SL(2, q) that admits complete mappings, and a
dual system D of coset representatives for H in SL(2, q). We will then complete the
construction of an HP-system {H,D, , } by describing a complete mapping  of D
and the corresponding mapping . There are three classes of matrices in SL(2, q), that
we will need.
Aa,b =
[
a b
−b a
]
, Ba,b =
[
a b
b −a
]
, and Dx,y =
[
0 x
−1
x
y
]
.
We set H = {Aa,b | a2 + b2 = 1} ∪ {Ba,b | a2 + b2 = −1} and D = {Dx,y | x
a nonzero square}.
Lemma 2. H is a subgroup of SL(2, q), and H admits complete mappings.
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Proof. Clearly H is a subset of the element set of SL(2, q). The multiplication rules for
H are Aa,bAc,d = Aac−bd,ad+bc, Aa,bBc,d = Bac+bd,ad−bc, Ba,bAc,d = Bac−bd,ad+bc,
and Ba,bBc,d = Aac+bd,ad−bc. From this it follows that H is a subgroup of SL(2, q)
and that A = {Aa,b | a2 + b2 = 1} is an abelian subgroup of H of index 2. Hence H
is soluble. Further, H has a noncyclic Sylow 2-subgroup as if we let c, d ∈ GF(q)
satisfy c2 + d2 = −1 then 〈A0,1, Bc,d〉 is a 2-subgroup of H that is isomorphic to the
quaternion group of order 8. Thus H admits complete mappings. 
Now |SL(2, q)| = q(q2 − 1) and, as the order of H is the number of solutions to
a2 + b2 = ±1, |H | = 2(q + 1) and so any system of dual coset representatives for H
in SL(2, q) must contain q(q − 1)/2 elements.
Lemma 3. D is a dual system of coset representatives for H in SL(2, q).
Proof. As |D| = q(q−1)/2 = |SL(2, q)|/|H |, D contains the right number of elements
to be a dual system of coset representatives for H in SL(2, q). If Dx,y,Dw,z ∈ D then
it is routine to show that
Dx,yD
−1
w,z =
(
x/w 0
(y/w)− (z/x) w/x
)
∈ H
if and only if x = w and y = z, and that
D−1x,yDw,z =
(
x/w wy − xz
0 w/x
)
∈ H
if and only if x = w and y = z. Thus, D is both a system of left coset representatives
for H in SL(2, q), as well as a system of right coset representatives for H in SL(2, q),
and hence is a dual system of coset representatives for H in SL(2, q). 
Theorem 1. SL(2, q) admits complete mappings for all q ≡ 3 modulo 4.
Proof. If x is a square then we will use
√
x to denote the unique square root satisfying
(
√
x)2 = x. We deﬁne two functions ,  : D → D as follows.
(Dx,y) =


Dx2,0 if y = 0,
D√
x,
−y
x
√
x
if y = 0 and x2 + y2 is a nonzero square,
D√x, y
x
√
x
if y = 0 and x2 + y2 is a nonsquare
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and
(Dx,y) =


D 1
x
,0 ify = 0,
D√
x2+y2
x
,
xy+yx2+y3
x
√
x
√
x2+y2
ify = 0 and x2 + y2 is a nonzero square,
D√
−
(
x2+y2
x
)
,
xy−yx2−y3
x
√
x
√
−(x2+y2)
ify = 0 and x2 + y2 is a nonsquare.
We claim that {H,D, , } is an HP-system for SL(2, q). We know by Lemma 2
that H is a subgroup of SL(2, q) that admits complete mappings, and by Lemma 3
that D is a dual system of coset representatives for H in SL(2, q). It remains to show
that  and  are bijections; and that Dx,y(Dx,y)H = (Dx,y)H for all Dx,y ∈ D, or
equivalently that (Dx,y)−1Dx,y(Dx,y) ∈ H for all Dx,y ∈ D.
Routine computation shows that (Dx1,y1) = (Dx2,y2) if and only if x1 = x2 and
y1 = y2, and that (Dx1,y1) = (Dx2,y2) if and only if x1 = x2 and y1 = y2. Thus, 
and  are bijections D → D.
To see that (Dx,y)−1Dx,y(Dx,y) ∈ H for all Dx,y ∈ D, by routine computation
we ﬁnd that
(Dx,y)−1Dx,y(Dx,y)
=


A0,1 if y = 0,
A −y√
x2+y2 ,
x√
x2+y2
if y = 0 and x2 + y2 is a nonzero square,
B −y√
−(x2+y2) ,
−x√
−(x2+y2)
if y = 0 and x2 + y2 is a nonsquare.
In each case (Dx,y)−1Dx,y(Dx,y) ∈ H . This completes the proof. 
This proof can be modiﬁed, as follows, to give new proofs of the existence of
complete mappings for GL(2, q), PGL(2, q) and PSL(2, q), q ≡ 3mod 4. Let H,
D,  and  be as in Theorem 1. Set K = {Aa,b | a and b not both 0} ∪ {Ba,b |
a and b not both 0}. Let  : GL(2, q) → PGL(2, q) be the canonical homomor-
phism, and let  : SL(2, q)→ PSL(2, q) also be canonical. Then K, (K) and (H)
are soluble and admit complete mappings, {K,D, , } is an HP-system for GL(2, q),
{(K),(D),−1,−1} is an HP-system for PGL(2, q) and {(H),(D),
−1,−1} is an HP-system for PSL(2, q).
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